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Abstract. The soliton mass in the quantized sine-Gordon model over the whole range of
the coupling constant (g2 from 0 to 8#) is evaluated by means of the Gaussian effective
potential method. The analytical expression with numerical results is presented. We find
that the coupling constant g can only take discrete values. A new kind of soliton linking
g® =0to g® = emerges at a set of special coupling constants g.

1. Imtroduction

The sine-Gordon (s-G) model in (1+ 1) dimensions is an ideal theoretical laboratory
for nonlinear phenomena in physics, either in the classical or the quantum version,
For an excelient review, see e.g. [ 1]. Recenitly, ihe method of Gaussian effective potential
(GEP) in quantum field theory has been applied to the s-G model with impressive results
[2-5]. While in that literature the quantization of the s-G model is carried out in uniform
configuration, we will concentrate in this paper on the quantization of the s-G model
in a non-uniform background, i.e. the quantization around a soliton. In other words,
we will discuss the quantum correction of a soliton mass by the cep method and
compare our result with that of {6} and [7].

The organization of this paper is as follows. After a brief description of the Gep
method in section 2, we shall improve it for the case of uniform background in section
3 to derive the mass of the quantized soliton. Some analytic and numerical results will
be given in section 4. Section 5 contains a brief summary and discussion. The zero
mode and related problems are discussed in an appendix.

2. The Gaussian effective potential method [2--5, 7)

We begin with the Lagrangian density of the s.G model

4
2=t g+ [cos V2 g 1] 2.1
PR o A L m J L 7
and write down the Hamiltonian of this system as
, , m VA
H = J' dxliéﬂ;, +%(3r¢)'—T(COS;¢—1) (2.2)
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(M, =0%/3d = ). This GEP method amounts to introducing a Gaussian wavefunc-
tional (Gwr) with an external source J(x):

1
|\P)J - Nf exp{ J. dx @x(bx j dX dy(qu .f;ry(qby q)y)+% J dxjx¢x} (23)
where ¢, = d(x), . =(¥|¢.|¥),-0. The normalization condition (¥{¥),_, = 1 leads to
(W), = exp” dx J. D, +1h _[ dx dyJ, f;y'.ly} (2.4)

where [/ =f"'(x—y) is the inverse of the quantum fluctuation correlation function
fo =1 (x—y) such that

jdyf(x—y)f"(y—2)=8(x—2) (2.5)
with their Fourier transformations (h =1):
d
= f L explip(x - )1/, (2.6)
T
SR LT |
yz _J. Qar CXP[lk(y z }ﬂc (27)

Evaluating the total energy of the s-G system in the state |¥),_, and using the trick
explained in appendix A of [4], one obtains

E[®, P, f]= (¥|H[W), o= j dxe

1 , 1 1 1 .

+m74|:1—zn cos%@x]} (2.8)
where

Zn= exp[ 4:12 ;\'] (2.9)
The variation of E with respect to f,

g—}f-’ 0 (2.10)
yields

f=vp+0? (2.11)
with

VA

02 =m?Z, cos—r;—de. (2.12)
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Moreover, 6E /8%, =0 leads to %, =0. If considering the uniform configuration
@ = constant, 3, =0, one may define a Ger:

Vee(®) = min &(®, Q%) = g(®, u*(®)) (2.13)
[$}
via
de
=0. (2.14)
3(01%) =)
Hence
VA
p(®)=m?Z, cos— P. (2.15)
m
Afbar marfarmming o vamm rrmalimatiane AF maromatars ounh thot
g ¥ 1478 lJUl lUlllllllE a 1CHULILIAILLEAtIULL UL PGIGIIIULCID S UL LLal
a’v,
2 eff
mi = 2.16
R=7307 |uo (2.16)
d*V.,
Ap=—5- 2.17
R d¢’4 ®0 ( )
we find
ma=m"2Z,|o0 (2.18)
AR A
giEm%= ggzzzg? (2.19)
287+ 87
= 2.20
& 8'.'1'“3Z ( )

The mass parameter u*(®) is related to mg:
p2(D) = mi(cos gb)s"/ B € (2.21)

while the effective potential reads

l’?’l2 z 2

V.(®) = constant +_25 (i- - 1)((:05 g @)/ BT (2.22)
g° \8w

Clearly, when g* < 8, ® = 0 corresponds to the stable phase, while the stability criterion

for the s-G model at the quantum leve! implies that

2

I 3
32 = 2\1—“8—}>0. (2.23)
Y lnp@rw=0  87mpe

e |

So one rediscovers the famous Coleman critical value of g2, g2, =8 [8].

3. The expression of the soliton mass in the Ger method

Now we are facing a new problem. Can we still use the Gep method described in
section 2 to calculate the mass of the quantized soliton in the s-G model? Notice that
in the renormalization scheme used to derive the effective potential (2.22), we have
distinguished ® # 0 from @ =0. If ¢ takes a uniform configuration, it is trivial. But it
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would be more meaningful for ® to carry an x-dependence. Then the mass parameter
)* in equation (2.12) is endowed with an x-dependence, which in turn will bring
x-dependence to f, in (2.11). Is it reasonable or not? Actually, if there is a non-uniform
background, the quantum fluctuation correlation function f,, should not have the
property of translational invariance. So if we still expand it in terms of equation (2.6),

the function f, should in general carry a dependence on variable (x+ y). Since there
ig alwave a function 8(x — vYin frant of £ or f7! we aventually find
is always a function §(x— v} ont of £, or f_/, we eventually find

fp(x)=~/p2+p.2(x)=\/p2+ m*Z, cos g®(x) (3.1)

which should be viewed as

Hlx+y)=f,= \/P2+ m*Z, cos g¢(f~;2) (3.2)

such that the symmetry f,, = f,. is maintained. Then some remarks are in order:
(i) The term ;f dy 8(x—y)8> f =, in the energy density will acquire an extra contri-
bution

1 1 o’ ] (3#2 m*Z,g sin gd))
—— — 3, % pul v AL el .
Swax[,u,z 3D 3 g1 (3:3)

Since it turns out to be a total derivative, it has no influence on the equation for ®(x).
Of course, there is also no change in the equation for f,.

(ii}) Once when cos g@(x} <0, the mass parameter u(x) becomes imaginary, One
needs to check all the calculations up to the effective potential V,z(®P). Fortunately,
every formula remains vatid irrespective of the sign of u?. (We confine ourselves to
the real value of u®, see below.)

(iii) Last, but not least, we need to see whether the fundamental condition for f,,
and f. remains valid (u*(x+y)=m’Z, cos g®[(x+y)/2]).

d dk
J dy J ﬁe’ip[ip(x-y)][pzﬂﬁ(x+,v)]”2 J 5, XPLKk(y =) p*+ 3y +2)] 7

=§(x—1z). (3.4)
Notice that the well known Fourier transformation

" dp expliCe-p_1,
| et kit -

remains valid even when u(x+y) is imaginary because

7, )
Ko(z)=—7i H{P(—iz)

HP(2) = Jo(z) —iNo(2) (36)

with J;, and N, being Bessel and Neumann functions of zero order. Define
dp .
G(&)=GCGulx—yph= J Py pP+ufexplip(x—y)]

oG 1

—=—2XK X -

6;1,2 27 O(ru'l yD
16 IS

x—y)) wlx—yl

(3.7)

Kolp|x - y|).



Soliton mass and discrete coupling constants 683

For p” = constant > 0, we have from (3.4)
l o0
;_[ dy Gulx —y|) Kol puly —2]) = 8(x ~ 2) (3.8)

which could be viewed as a new expression for the & function.

One may understand equation (3.8) by plotting the product of two functions G
and K in the integrand. Now u changes with y and in some region the argument of
G{pu(x+y)|x—y|) and k(u(y + z)|y — z|) may become imaginary. In this case we can
still expect equation (3.8) to hold approximately.

The accuracy of this approximation could be seen alternatively as follows. Denote

1, =7(p, R)=vp*+u™(R), then we have
A o5

f'(p,y+z) =‘9f.(P, R)

where

2 oR

R=(y+z)/2

Hence
J dyf(x, )70 2)

=Id J@Iﬁi(p,(wz)/z)
27 ) 2@ fk, (y+2)/2)

x {1+f:(p9 (y+2z)/2) (x"-—z) .. } pil Px—ka) oix(k=p)
A (y+2)/2)

Since f(p, R) is a slowly varying function of R, we may substitute the ratio
F(p, R)/ f(k, R) by its average with respect to R[=(y+z)/2], [f(p, R)/f(k R)],
which is then independent of y when performing the integration of y. The ratio
f’( P R)/f(p, R} is small in most of the range of p; it could also be viewed as roughly
independent of R and p and so will be denoted as a constant ¢. Thus

_[ dyf(x, y}f ' (y,z)=8(x— Z)+§ {(x—z}8{(x-z)=8(x—z) (3.9)

follows immediately. Though equations (3.4) or (3.9) could be proved approximately
as above, it is still a weak point in our formalism,

From now on, we will consider ¢ having a non-uniform configuration and preserve
the term 3(3,9)>

Thus the total energy of our static quantized s-G system reads

E=1\|dx{! 2 .m_f‘ _gi Bwr/(8r—g?)
= | dx{3(5,D) -i-g2 871'_1 (cos g®) . (3.10)

The mass of a static soliton M is defined as the difference between the energy E
with & =&, describing a soliton configuration and that with & =0, i.e. (my will be
simplified to m below):

2 2
M.=E.— E,= J- dx{gl(axcb)%(hég—)g%[: —(cos gqa)*"f‘“""g"]}. (3.11)
s
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The soliton equation &, should be found via the variation §E/8® =0 to be [9]

qu) m2 2 _ .

P (cos g®)/®" ¥ gin g =0, (3.12)
Only in the weak coupling limit g -0, can we get the well known expression for

the s-G soliton

4

(D(O’(x)=§tan*' exp{mx). (3.13)
Muitiplying (3.12} by d®/dx, we easily obtain after integration

1 /d®\’ gz) m* :

== = e Y0 1__ B8u/{8r—g?} .

Z(dx) (1 87/ 2 [1~(cos gP) ] (3.14)

where the boundary conditions ® =0, d®/dx =0 are used.
The comparison between (3.11) and (3.14) reveals that

© ap\* [ ( gz) m* 2
M — d bl — 1__ Bl _ 8o /{Br—g*) .
. J_w x(dx) J_mdx{2 87) 2 [1—(cos gd) ]} (3.15)
or (gb=29)
1 23\ /2 oy 3
Ms/m=—2(z—g~) J do[1—(cos §)*~/Fm87]"/2, (3.16)
g 4 0

The upper bound of integration, 8,, is fixed by the boundary condition of the soliton.
Either 6,=2m or 8,= 7 will be used (see section 4).

4. Analytic and numerical results

According to the expression of the GEP, equation (2.22), one finds from conditions
dV,/d® =0 and d° V,/ dd* > 0 that ® =0 and 2= always correspond to a minimum.
For the integrand of equation (3.15) not to develop an imaginary part, we take the
value of coupling constant to be

87 2n+N L N-1
= = w
8mr—g® 2n+1 £ Tm+N

(4.1)
where n=0,1,2,..., N=1,2,....
Then one finds further that
dveﬂ‘
dod
d2 VeIT
de?

=0 ©(4.2)

gh=x

=m2(‘_1)l2n+N)f(2n+l)‘ (4‘3)
gd=m

So gb = m also becomes a minimum when N =even in contrast (o a maximum when
N =odd. The use of two integer numbers n and N enables us to approximate any
value of g° over the whole region (0, 8). Some analytical results can be obtained
from (3.16) as follows.
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(i) For example, in the case of g’ =4m, corresponding to N =2, n=0, we find

m|[|7 . Zm m
Ms="—2J‘ désin ¢=—5=—, (4.4)
g Jo g° 2=
Actually, in doing the computer analysis, we begin from the equation
[}
dx
X~ Xglxwmw™ | —d8
oo ,L de
with dx/d@ given by equation (3.14) as a function of # = g®. After setting g° =4,
we let the computer run from x,- —c0 as # increases from 0. Then to our surprise, 8
runs to 7= when x> c0; @ never runs to 2#. Alternatively, we may set a value 8=6,,
0< 8, <, at x =0, then the computer will runto ¢ -0 at x> —o0 and 8 » 7 at x >+,
A soliton linking 8 =0 and 7 appears clearly on the screen rather than an expected
one linking # =0 and 2#. This kind of situation occurs for every value of g in (4.1)
with N =even.
Certainly, in the classical case, there is no soliton linking # =0 and =. We always
have a classical soliton linking 8 =0 and 27 with mass

8m
Qz )

&

M

Ci

(4.5)

So the emergence of the soliton linking 6 =0 to 7 may be a false phenomenon stemming
from the approximate nature of the GEp method. But for comparison with the soliton
mass at the vicinity value of g with N = odd, we think it may be worth calculating the
difference formally:

. f A £y
am. \40)

(i) An interesting case is the weak coupling limit g*— 0, corresponding to N >,
In this case one may neglect g° in the exponential and get

23 1/2 25
M|g.o=lim {—'%(2—3) J‘ dB(l—cosB)”z}

g0 L8 4 0
. {8m m
_iiﬂ( g 241')' (47)
So
m
(Mc!_ M_s)gz-0=.-._- (4.8)
27
(iii) Obviously, in the strong coupling limit g°- 8, equation (3.15) gives
lim M,-0 (4.9}
22—’317
and
8m m
(M(."_MS)X:-‘Sﬂ':_Z . = (4.10)
g lgiegn T

(iv) For generic value of g, we obtain the numerical result of M, from equation
(3.16) by using a computer.
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Figore 1. The difference between the classical value of a soliton mass M, =8m/g® and
the quantized soliton mass M., in unit of m, as a function of coupling constant g. The
lower curve (with full triangles) refers to soliton linking g® =0 and g® =27 while the
upper one {with open triangles) refers to that linking g@ =0 and g® = 7. The middle solid
line is for 1/, the ordinate is in logarithmic scale. For more detail, see the text,

Then two curves on the plot of ( M, — M,)/ m versus g are obtained. They correspond
to N =even or odd respectively and tend to the common lLimit 1/ 7 at g> > 87 (see
figure 1). Note that if the new kind of soliton does exist at the quantum level, its energy
is lower than the usual one.

5. Summary and discussion

{i) We propose a non-perturbative approach for calculating the soliton mass in
the quantized s-G model based on the Ger method. The crucial point lies in the
observation that the effective potential (2.22) derived in the s-G model remains approxi-
mately valid for non-uniform configuration, & # constant.

(ii) A remarkable new feature of the GEP, equation (2.22), is that it develops a new
minimum at g =7 when

. N-1

AL N=24... 51
2n+N8ﬂ 2,4, (5.1)

g

so0 a soliton connecting g =0 and = appears in addition to the well known soliton
connecting g® =0 and 27 when

, N-1

L bt s N=1,3,... 5.2
MANT (52)

g

(ili) The analytical expression for soliton mass, equation {3.16), looks quite elegant
with 8,= 7 or 2# relevant to case (5.1) or (5.2). The labour cost in computer work is
much less than that in other methods, e.g. the Hartree-Fock (H-F) method in [6].
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{iv) As a criterion for accuracy, we compare our result (4.7) for g>- 0 with that
of other methods. Indeed, instead of (3.16), we use equation (3.15) and then substitute
the approximate solution @ =& equation (3.13), into it. Then we get

2 m2 ad
M|20= 4(] __8'__) — I sech? mx dx
8w/ g

=00

il

|
—
th
e
—

which coincides precisely with that derived from the H-F method [6] or the wkp method
{10]. Since equation (5.3} contains a further appraximation than that in equation (3.15)
which has the same accuracy as equation (3.16), so we have more confidence in result
(4.7) over {5.3).

{(v) Now we try to compare our Gep method with the H-F method in [6, 7]. Both
methods share the common point of view that the quantum correction of the soliton
mass is due to the difference between the quantum fluctuation under a soliton back-
ground and that under the uniform vacuum. The difference between these two methods
lies in the different treatment of mode resolution.

In the H-F method, one works in the Heisenberg picture and expands the quantum
fluctuation into modes of fictitious particles with energy square wi=k*+m’ in the
uniform vacuum, but into modes w, in the presence of a soliton. In the classical case,
w,, also has a continous spectrum like w, besides a lower discrete one w, |.—, =0 which
is called the zero mode. However, in the quantum case limg2 o wyle=o=30""g""
ceases to be zero (g # 0) (see equation (4.5) of [6]).

It secems to us that a zero mode wy,=0 should always exist even in the quantum
case because it reflects the translational invariance of the Lagrangian. So the mode
resolution into e, (which comprises more and more discrete modes when the coupling
becomes stronger) [6] does not have too many physical implications.

On the other hand, in the GEp method, we work in the Schrodinger picture and
expand the quantum fluctuation f,, into a Fourier integral, i.e. in the representation
of plane wave ¢'” with continuous p spectrum, irrespective of the absence or presence
of a soliton, This is not an eigenmode resolution but a mathematical trick from the
beginning. Even a localized zero mode can be expanded into a Fourier integral, which
does not need a particle-like explanation. For mode resolution in the GEP method, see
the appendix.

(vi) There is subtlety in our formalism. As mentioned before, we take the values
of g%/8% in (5.1) or (5.2} as special rational numbers to avoid the appearance of an
imaginary part in the calculation in equation {3.16). Notice that, however, the mass
parameter {} = & turns out to be imaginary when cos g << 0 which does occur at the
central part of a soliton connecting g® =0 and 2. This may imply the instability of
long-wave quantum fluctuation (see (3.5) and (3.6)) around a soliton to initiate a
change of ground state from g =0 to 27 or vice versa. Fortunately, this complexity
causes no harm to the evaluation of the soliton mass which remains real in either the
(5.1) or (5.2) case.

(vii' Because the approximation of the GEr method is not under control, we tend
to take a conservative attitude. Not only should the ‘new’ soliton linking gb=0to =
not be stressed, but also the discrete values of g?/87 may only have limited meaning.
What we can claim with confidence is that for any value of g°/8m between 0 and 1,
the GeEr method can provide a mass value of a quantized soliton (linking g® =10 to0
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27) approximately, by adjusting two integers n and N. However, there is some recent
literature emphasizing the discrete coupling constants of the s-G model based on
rigorous treatment [11, 12]. So as a bold conjecture, we might raise the following
question. Do the discrete values of g*/87 discussed in this paper have some relevance
to the intrinsic symmetry of s-G model? Further investigation is needed.

f
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Appendix. Zero mode, the kinetic energy and excitation of a soliton
Notice first that we have ignored a kinetic energy term 3?2 in discussing the mass of

a soliton (see equation (2.8)). If replace @, =(W|IT, |¥) by 6®/41, we can write the
effective action as

Sced ] = J. dr dx{3(3,®)* ~ 3(3,.P) — Vo D)}. (A.1)
with V_(d) given by (2.22),
The variation 85, =0 yields the motion equation.
b &b
———=+ Vi P)=0. A2
atz 8x2 efr( ) ( )

Hence we see that 2 moving quantized soliton is boosted from a static one

D (x) > B,(§) = d>s( J"l_—”‘) (A3)
—v

with ®,(x) satisfying (A.2) without the first term, i.e. equation (3.12).
Let us evaluate the energy of a moving soliton via the following effective
Hamiltonian:

H{®]= J’ dx{3P3+3(8,P)° + V(D) — Ve 0)}. {A.4)
Substituting {A.3) into {A.4) and using (3.11), (3.14) and (3.15), one finds

E[‘Ds(-_f)]’—‘J.dHl—vz{

2
% :tzz [(Dr‘(f)]z-'_ Veff(q)s)_ Veff(o)}

=j'd§vl-u2{ ! (A.5)

M
@! -5
1—v2[ '(g)]} JI-o*

as expected.
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Next, we consider how the effective potential changes when the configuration ®(x)
deviates a little from a static soliton ®,(x):

1 d?

E[®]=E[D.]+ J‘ dx> {n(X)[“—w+ V”(<I>5):|n(x) +.. } (A.6)
with

n(x) =B (x) - P(x}

d* Vi
V" ¢ — €l R
(®)=—37 ome,
Similar to the discussion in [ 1], we have the eigenvalue problem:
d2
[“E;i‘*‘ ngf((bs)]ni(x):m%ni(x) (A7)

where n,(x) are the orthonormal *normal modes’ of fluctuations around &.(x). So the
time-dependent fluctuation reads

Tl(xs t):cb(x, t)_q)s(x)= 'EO Ci(l)ni(x)- (A'S)
Note that i =0 refers to the zero mode n,{x) satisfying
d2
[—a—z"* V:ff(q)s)] no(x) =0. (A9)
X

It can be seen from performing d/dx on the motion equation of ®,(x) that ny{x)=
{d/dx}P(x) with w,=0 as expected. Finally, the total energy of an excited moving
quantized soliton should be
E(v, {n}) M, + A Y new, +correcti {A.10)
v, {nh= nw, T ons. .
= :

We wish to stress once more that:
(i) There are no zero point energies of vacuum quantum fluctuation, X, hw,, in
the second term. They have already been absorbed into the mass of the soliton, M,.
(ii) The zero mode w,=0 cantributes nothing to the second term. The excitation
energy related to translational invariance has been ascribed to the kinetic energy of
the soliton in the first term.
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